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Abstract: This paper focuses on a mild-hybrid city car (Smart), equipped with a
starter-alternator, where the kinetic energy in the braking phases can be recovered
to be stored in a supercapacitor, and re-used later via the electric motor. The
additional traction power allows to downsize the engine and still fulfill the power
requirements. Moreover, the engine can be turned off in idle phases. The optimal
control problem of the energy management between the two power sources is
solved for given driving cycles by a classical dynamic programming method. From
dynamic models of the electric motor and supercapacitor a quasistatic model of
the whole system is derived and used in the optimization. The real time control
law to be implemented on the vehicle is derived from the resulting optimal control
strategies.
Keywords: Hybrid vehicle, Optimal control, Dynamic programming
1. INTRODUCTION
Growing environmental concerns coupled with
concerns about global crude oil supplies stimu-
late research on new vehicle technologies. Hybrid-
Electric Vehicles (HEV) appear to be one of the
most promising technologies for reducing fuel con-
sumption and pollutant emissions. HEVs can save
fuel thanks to: (i) the possibility of turning off
the engine in idle phases (stop-and-go), (ii) the
recuperation of braking energy to be stored in the
battery and re-used later via the electric motor,
(iii) the possibility of downsizing the engine, and
(iv) the optimization of energy flows.
The energy management of hybrid powertrains
requires some specific supervisory control laws.
This controller relies on the estimation of the
battery state of charge, and it must take into ac-
count the variable efficiency of each element of the
powertrain. Optimization of energy-management
strategies on prescribed driving cycles (oﬄine op-
timization) is often used to derive sub-optimal
control laws to be implemented on the vehicle
(Sciarretta et al., 2004), (Scordia, 2004), (Wu et
al., 2002), (Delprat, 2002).
Optimization tools require a mathematical de-
scription of the system. In most oﬄine optimiza-
tion techniques, the quasistatic backward mod-
elling approach is used. On the other hand, dy-
namic forward-facing models are necessary to ac-
curately simulate the system and to identify the
main system parameters.
In this paper, we present a dynamic model of the
electric propulsion system of a mild hybrid vehicle.
The quasistatic version of the model is used in
a Dynamic Programming algorithm to optimize
the energy management of the vehicle. Finally, we
propose a real-time feedback control strategy de-
rived from the oﬄine optimization results, which
is validated for typical driving conditions.
2. SYSTEM MODELLING
IFP, in partnership with Gaz de France and
ADEME, has applied its downsizing technology
to a natural gas engine, resulting in a small
urban demonstrator vehicle (VEHGAN vehicle).
The conventional powertrain is integrated with
a belt-driven starter–alternator and a superca-
pacitor, both provided by Valeo (Tilagone and
Venturi, 2004).
The resulting architecture is a mild-hybrid pow-
ertrain: the torque requested for traction cannot
be provided by the electric motor only. Thus, the
engine cannot be turned off, except during idling
(stop-and-go).
In order to optimize the energy management of
the VEHGAN, we use either a quasistatic back-
ward model, or a more detailed AMESim model
(Dabadie et al., 2005) to calculate the speed ωrq(t)
and torque Trq(t) required at the engine output
shaft along a prescribed drive cycle. This torque
request can be split between the engine torque
Te(t) and the electric motor torque Tm(t). Finding
the optimal splitting strategy is the objective of
the supervisory controller. To evaluate the per-
formance of the two components as a function
of their respective torque, we build a simplified
model of the system, which consists of:
• a model of the 0.660 l natural gas engine; the
engine performance is characterized by the
fuel consumption map displayed in Figure 1
and by its maximum torque Tmaxe (ωrq) that
depends on the engine speed (see (18)),
• a model of the 3 kW starter alternator (de-
scribed in section 2.1.1),
• a model of the supercapacitor, which is made
up of 12 modules of 1500 F; this model is
described in section 2.1.2.
2.1 Submodels of the electric components
2.1.1. Electric motor The starter–alternator
used in the VEHGAN vehicle is a permanent-
magnet motor with six magnets. A realistic model
of torque evolution, as described in (Sciarretta et
al., 2004), is given by
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Fig. 1. Fuel consumption map of natural gas
engine of VEHGAN vehicle
Tm(t) =
3
2
pϕm.
.
RstUq(t)− pω(t)Rstϕm − pω(t)LstUd(t)
R2st + p
2ω2(t)L2st
, (1)
where ω(t) is the rotor speed, Rst the stator re-
sistance, ϕm(t) the mutual flux linkage, Uq(t) and
Ud(t) are the d-q axis stator voltage components,
Lst is the stator inductance, and p is the number
of pole pairs.
For simplification convenience, we choose to model
this motor using DC motor equations by neglect-
ing the non-linear contribution. We then replace
(1) by
Tm(t) =
1
Ra
(Ka(t)Ua(t)−Ka(t)Km(t)ω(t)), (2)
where ω(t) is the motor speed, Ua(t) plays the role
of the DC armature voltage,
Ua(t) = Km(t)ω(t) +RaIa(t), (3)
Ia(t) plays the role of the armature current, Ra of
the armature resistance.
The quantities Ka(t) and Km(t) are not constant
as in DC motors, since they represent influence of
the variable d,q voltages and currents performed
by the motor controller. The equivalence between
real AC quantities and fictitious DC counterparts
Ua(t), Ia(t), Ka(t), Km(t), and Ra(t) is found by
comparing (1) and (2–3).
2.1.2. Supercapacitor A simple equivalent cir-
cuit of a supercapacitor consists of a capacitor
and a resistor in series (Sciarretta et al., 2004).
The Kirchhoff’s voltage law yields
Us(t) =
Q(t)
C
−RsIs(t), Is(t) = −
dQ(t)
dt
, (4)
where Us(t) is the terminal voltage, Is(t) is the
terminal current, Rs is the equivalent resistance,
C is the capacitance, and Q(t) is the charge.
2.1.3. DC/AC Link The electric power link be-
tween electric motor power Pa and supercapacitor
power Ps is achieved with an inverter. We assume
here that the motor torque is controlled by the
voltage ratio λ(t) of the inverter:
Us(t) =
1
λ(t)
Ua(t), Is(t) = λ(t)Ia(t). (5)
Because of internal physical constraints, it is not
possible to control the electric motor with a con-
tinuous control variable λ(t) when positive torque
is requested. Instead, five discrete values of λ are
available at each time t, as a function of the
system operating conditions. This discrete con-
troller permits to obtain five values of torque,
depending on the supercapacitor voltage and the
motor speed. The difference between minimum
and maximum available torque does not exceed 2
Nm.
2.2 Dynamic model of the whole electric system
The physical causality representation of the whole
electric system is sketched in Figure 2. The speed
is an input variable, together with the controller
λ. The torque is the output variable.
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Fig. 2. Dynamic representation of the electric
system
To obtain the dynamic dependency between
torque and speed, we differentiate each term of
(4), which leads to
U˙s(t) = −
Is(t)
C
−RsI˙s(t). (6)
From (3) and (5) we obtain
Is(t) = λ(t)
λ(t)Us(t)−Ka(t)ω(t)
Ra
. (7)
From (6) and (7) we finally obtain
U˙s(t) =
λ(t)
1 + λ(t)2 Rs
Ra
[
−
λ(t)Us(t)−Ka(t)ω(t)
CRa
+
Rs
Ra
Ka(t)ω˙(t)
]
.
(8)
The model given by (8) is validated against mea-
surements taken on a dedicated test bench at
Valeo. Figure 3 shows the transient behavior of
the supercapacitor voltage resulting from a motor
speed step occurring in the first seconds of test.
The experimental data are post-processed with a
filter having a time constant of about 100 ms.
Four speed levels are shown in the figure, ranging
from 3000 rpm to 6000 rpm. Starting from an
initial open-circuit value of 24 V, the superca-
pacitor voltage exhibits an abrupt drop of about
4 V, followed by a slower decrease. Consequently,
the supercapacitor current (Figure 4) exhibits an
initial step appearing as a smooth peak due to the
low-pass filtering, followed by a slower decrease
that would virtually end when the supercapacitor
is completely discharged.
The comparison between experimental data and
simulations of Figure 3 and 4 shows that the sim-
plified approach of (8) is indeed able to represent
the main dynamics of the system. The control
parameters Ka and Km have been parameterized
as
Ka =
Ka0
ω(t)
, Km = Km0
Us(t)
ω(t)
. (9)
The fitted values of the model parameters are
listed in Table 1.
Table 1. Numerical values of the fitted
model parameters
Parameter Value
C 196 C
Ra 30.7 Ω
Rs 0.6 mΩ
Ka0 8
Km0 125
The tests of Figures 3 and 4 were performed for
a given setting of the discrete motor controller.
In the simulations, that corresponds to a specific
value λ4 of the voltage ratio of the inverter. The
torque curves calculated for all of the controller
settings are shown in Figure 5. For the specific
value λ4, the simulation results can be compared
to experimental data.
2.3 Quasistatic model
A quasistatic counterpart of the model presented
above is developed for the oﬄine optimization.
The causality representation of the electric system
is sketched in figure 6.
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Fig. 6. Quasistatic representation of the electric
system
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Fig. 3. Experimental data compared to model: evolution of the voltage Us(t)
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Fig. 4. Experimental data compared to model: evolution of the current Is(t)
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Fig. 5. Evolution of torque with different settings of the motor controller
From the motor speed ω(t) and torque Tm(t)
required, provided they are compatible with the
physical limits of the motor, the armature voltage
and current are computed with (2) and (3). The
requested electric power is computed as
P (t) = Ua(t)Ia(t), (10)
and, assuming no conversion losses as in (5), is
also P (t) = Us(t)Is(t).
From (4) and (10) we obtain a differential equa-
tion for Us(t) as a function of P (t),
(1−
RsP (t)
U2s (t)
)
dU2s (t)
dt
= −2
P (t)
C
− 2RsP˙ (t). (11)
Using numerical integration methods, this equa-
tion is integrated at any time using the value of
Us at the previous time step
U2k+1 = −
2PkU
2
k∆t
C(U
2
k −RsPk)
+ U2k , (12)
with:
• ∆t: constant time step,
• Uk,Uk+1: supercapacitor voltage at time step
k and k + 1,
• Uk: average voltage during time interval
[k, k + 1],
• Pk: electric power during time interval [k, k+
1].
In (12), we have neglected the term proportional
to P˙ of (11) since RsC ≪ ∆t.
The consequent value of λ to obtain the requested
torque Tm is calculated using
Isk = Pk/Uk, (13)
then, with (5):
λk = Isk/Iak. (14)
3. DYNAMIC PROGRAMMING
OPTIMIZATION
3.1 Optimal Control Problem
The optimal control problem under study consists
in minimizing the fuel consumption of the vehicle
along a prescribed driving cycle, while providing
charge sustenance to the supercapacitor, and tak-
ing into account physical limits of the supercapac-
itor, the engine, and the electric motor.
We define the control variable u(t) which rep-
resents the split factor of the requested torque
Trq, between the engine torque Te and the motor
torque Tm:
{
Trq(t) = Te(t) + ρTm(t)
Te(t) = u(t)Trq(t)
, (15)
where ρ corresponds to the ratio between engine
speed and electric motor speed.
The only relevant dynamics considered is that of
supercapacitor voltage, called U(t) in the follow-
ing, which follows from (11)
U˙(t) = f(U(t), u(t), t). (16)
The resulting optimization problem is then the
following :


min
u∈W (t)

J(u) =
T∫
0
L(u(t), t)dt+ g(U(T ), T )


subject to : U˙(t) = f(U(t), u(t), t), U(0) = U0
(17)
where T is the final time of the drive cycle,
L(u(t), t) is the fuel consumption rate, computed
from the data displayed in Figure 1, g(U(T ), T )
is a term that penalizes any deviation of the final
voltage from the initial voltage.
In addition to the latter “soft” constraint over the
final state, the problem (17) is also subjected to
the following inequality constraints, leading to the
feasible control space W (t) :
• the engine can only produce a positive
torque, which is limited to a maximum
torque that depends on engine speed ωrq(t),
leading to the control constraints
0 ≤ u(t)Trq(t) ≤ T
max
e (ωrq(t)), (18)
• the electric motor torque is limited between
a maximum torque and a minimum torque
during generating operation, leading to the
control constraints
ρTminm (ω(t)) ≤ (1− u(t))Trq(t)
≤ ρTmaxm (ω(t)), (19)
• the motor controller can only be set to one
over five discrete values, thus
λ(t) ∈ (λi)i∈J0,4K, (20)
as already discussed; that also leads to cor-
responding control constraints.
The state variable is also subjected to inequality
constraints, deriving from physical limits of the
supercapacitor and of the motor,
Umin ≤ U(t) ≤ Umax. (21)
The values of Umin and Umax are set to 16 V and
24 V respectively.
3.2 DP Optimization algorithm
The Dynamic Programming method (DP) is clas-
sically used to solve the problem (17) ((Wu et
al., 2002), (Scordia, 2004)). It relies on the princi-
ple of optimality or Bellman principle. First, the
optimal control problem (17) is discretized in time


min
uk∈Wk
J(u) :=
N−1∑
k=0
Lk(uk) + g(UN )
subject to : Uk+1 = fk(Uk, uk), U(0) = U0
Umin ≤ Uk ≤ Umax
(22)
where Lk(uk) is the fuel consumption over the
time interval [k, k + 1], Uk is the voltage of the
supercapacitor at time k, fk is the function (16)
at time k, and g(UN ) = β(UN − U0)
2 is the
penalization term (β is a constant to be chosen),
N is the final time, Wk the feasible domain for uk
with respect to constraints (18), (19), and (20).
From Bellman principle, the cost-to-go function
Vk(xk) at the time step k, 0 ≤ k ≤ N − 1, is
expressed as
Vk(Uk) = min
uk∈Wk
(Lk(uk) + Vk+1(fk(Uk, uk))).(23)
At time N , the cost-to-go is VN (xN ) = g(xN ).
This optimization problem is solved backward
from final time step to initial time step using a
discretization of function V in the control space
and in the state space.
3.2.1. Model implementation As to control the
electric system, both quasistatic and dynamic
models are used. First, from a requested torque
Trq, the quasistatic model (10)–(14) is used to
calculate the corresponding necessary value of λ,
namely λrq. Then, only the control set uadm that
corresponds to the set λadm as
λadm = {λ |λ ∈ (λi)i∈J0,4K, λ ≤ λrq} (24)
is tested.
A standard time step used in our examples is 1 s.
The solving algorithm used is that of (Guilbaud,
2002) to which we refer for some theoretical results
on the convergence and error estimations.
3.3 Optimization Results
The optimal system trajectories are calculated
for the Urban Artemis cycle, shown in Figure 7.
The figure also shows the optimal trajectory of
motor torque, which exhibits a somehow intuitive
behavior. The motor is used to assist the engine
during accelerations, and as a generator during
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decelerations and during low-speed, low-torque
phases.
The optimal voltage trajectory of the supercapac-
itor is presented in Figure 8. The figure clearly
shows that, since the efficiency of the electric
powertrain is higher at high voltage, the electric
motor is used mostly between 20 V and 24 V.
The fuel consumption gain between pure engine
mode and optimal hybrid mode is about 11%.
Clearly, the system is not designed to achieve
substantial improvements in fuel economy with re-
spect to the conventional architecture, but rather
to improve its performance, e.g., in terms of ac-
celeration responses at low speed.
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4. REAL-TIME FEEDBACK CONTROL
In this section, suboptimal control law is derived
from the optimization results.
Figure 9 shows the optimal values of the electric
motor torque as a function of requested torque
and speed. When negative torques are required,
i.e., during regenerative braking, the whole torque
available is used to recharge the supercapacitor.
The factor “2” between negative electric motor
torque and negative requested torque comes from
the speed ratio between engine and electric motor
(ρ = 1.96).
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Fig. 9. Optimal electric motor torque T ◦m as a
function of torque and speed requests, cal-
culated with DP for the Artemis cycle.
For positive requested torque, the following be-
havior can be observed:
• the electric machine is only used as a motor
above 2200 rpm (engine speed). Below this
speed, the electric machine can be used to
recharge the supercapacitor,
• the electric machine is only used as a motor
when the requested torque is higher than
20 Nm, while it is used in the recharging
mode in all the requested torque range, with
a predominance of low requested torques (0
to 20 Nm).
An intuitive controller can be derived from these
considerations, based on operating domains as a
function of speed and torque requests, as shown
in Figure 10.
In the boosting operating domain (positive motor
torque area), the motor torque is subjected to
the constraint (20). Figure 11 shows the optimal
values of the discrete controller setting λ(t) along
the Artemis Cycle. Clearly, the optimal choice
consists in selecting always the minimum admissi-
ble value λ0, which corresponds to the minimum
admissible motor torque. It can be proven that
this choice maximizes the efficiency of the electric
subsystem.
In the regenerating operating domain (negative
motor torque area) of Figure 10, the controller
setting λ can be varied continuously, meaning that
the recharging torque can have every value below
the physical limit −Tminm .
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Searching for a simple heuristic rule to represent
the optimal motor behavior, it seems rather intu-
itive to compare the optimal regenerating torque
of Figure 9, T ◦m with the torque values that maxi-
mize the global efficiency of the system, Tˆm. When
the engine recharges the supercapacitor through
the electric machine, the global efficiency is calcu-
lated as
ηcharge =
1
2CUs∆Us
Hi∆L∆t
, (25)
where ∆Us the variation of the supercapacitor
voltage for the time step ∆t and ∆L is the
additional fuel consumption rate that is used to
recharge the supercapacitor.
A comparison between T ◦m and Tˆm is shown in
Figure 12 for the Artemis cycle. Clearly, the
two data sets are very different. Consequently,
the optimal motor behavior during regeneration
phases cannot be simply described by a rule based
on (25). The reason is that the optimal motor
torque when recharging the supercapacitor does
not depend on local conditions only, but it is
a function of the optimal motor torque during
boosting phases, as well as of the state boundaries
and final state constraint.
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Fig. 12. Relation between calculated electric
torque
Noncausal solutions of the optimal control prob-
lem (17) may lead to approximate, suboptimal
controllers that perform better than heuristic
feedback controllers, like the one described in this
section, in representing the optimal behavior of
the system.
5. CONCLUSIONS
In this paper, we have proposed a dynamic model
of the electric system used in a mild hybrid
vehicle. The model is based on physical equations
of a DC electric motor, a supercapacitor, and
an inverter. The model parameters have been
successfully fitted to experimental data in order
to simulate accurately the behavior of the electric
system.
This dynamic model has been used in a Dynamic
Programming algorithm to minimize the fuel con-
sumption, taking into account the main physical
constraints of the system (especially the discrete
control settings). The optimal trajectory leads
to an interesting gain in fuel consumption (9%)
despite the reduced size of the electric motor and
capacity of the supercapacitor.
From the optimization results on the Artemis
cycle operating domains for the different electric
motor modes (assist or recharge) were derived. For
each domain a heuristic control law adapted to the
electric motor mode was defined. Although the
heuristics is able to represent a good approxima-
tion of the optimal switching between operating
modes, it appeared to be a too simplified approach
to calculate the optimal motor torque trajectories.
Future work will therefore include the synthesis of
a noncausal controller based on an appropriate,
although approximate, solution of the optimal
control problem.
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